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THE ASYMPTOTIC OF CURVATURE OF DIRECT IMAGE
BUNDLE ASSOCIATED WITH HIGHER POWERS OF A
RELATIVE AMPLE LINE BUNDLE
XUEYUAN WAN AND GENKAI ZHANG
Abstract. Let pi : X → M be a holomorphic fibration with compact
fibers and L a relative ample line bundle over X . We obtain the asymp-
totic of the curvature of L2-metric and Qullien metric on the direct image
bundle pi∗(L
k + KX/M ) up to the lower order terms than k
n−1 for large
k. As an application we prove that the analytic torsion τk(∂¯) satisfies
∂∂¯ log(τk(∂¯))
2 = o(kn−1), where n is the dimension of fibers.
1. Introduction
Let pi : X → M be a holomorphic fibration with compact fibers and L a
relative ample line bundle over X , i.e. there is a smooth metric (weight) φ on L
such that the first Chern form
√−1
2pi ∂∂¯φ is positive (1, 1)-form along each fiber.
One may consider the following direct image bundle
Ek = pi∗(Lk +KX/M ).
Here KX/M = KX − pi∗KM denotes the relative canonical line bundle. The
bundle Ek is equipped with the canonical L2-metric
‖u‖2 :=
∫
Xy
|u|2e−φ, u ∈ Eky , y ∈M ;(1.1)
see [3, 4, 5]. Here |u|2e−φ is defined as follows: u can be written locally as
u = u′dv ∧ e, where e is a local holomorphic frame for L|Xy , Xy = pi−1(y), and
|u|2e−φ := (√−1)n2 |u′|2|e|2dv ∧ dv¯ = (√−1)n2 |u′|2e−φdv ∧ dv¯,
where dv = dv1 ∧ · · · ∧ dvn.
In [3, 5] Berndtsson computed the curvature ΘEk of the L2-metric and con-
sequently proved Nagano positivity. More precisely,
〈√−1ΘEku, u〉 =
∫
X/M
kc(φ)|u|2e−kφ + k〈(∆′ + k)−1iµαu, iµβu〉
√−1dzα ∧ dz¯β ,
(1.2)
where the definitions of c(φ), µα and ∆
′ are given in Theorem 2.2, (see e.g. [5,
Theorem 1.2]).
In particular, if pi : X →M is a trivial fibration, Berndtsson [4, Theorem 4.1,
4.2] obtained an asymptotic of trΘEk/dk up to o(1), dk = rankEk. In view of
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the relation of the L2-curvature with analytic torsion and Quillen metric it is a
natural and interesting problem to find the lower order terms in the asymptotic
of trΘEk for a general fibration. We solve the problem up to reminder term of
order o(kn−1).
Theorem 1.1. For any vector ζ ∈ TyM , we have
−√−1c1(Ek, ‖ • ‖k)(ζ, ζ¯)
=
kn+1
(2pi)n+1
∫
Xy
(−√−1)c(φ)(ζ, ζ¯)ω
n
n!
+
kn
(2pi)n+1
∫
Xy
(
1
2
|µ|2 − ρ
2
(−√−1)c(φ)(ζ, ζ¯)
)
ωn
n!
+
kn−1
(2pi)n+1
∫
Xy
(
(−√−1)c(φ)(ζ, ζ¯)
(
−1
6
∆ρ+
1
24
(|R|2 − 4|Ric|2 + 3ρ2)
)
− ρ
4
|µ|2
)
ωn
n!
+
kn−1
(2pi)n+1
(
1
12
‖µ‖2Ric +
1
12
‖∇′µ‖2 − 1
4
‖∂¯∗µ‖2
)
+ o(kn−1).
(1.3)
We refer to the subsection 3.1 for the definitions of the notation in (1.3).
We note that the first two terms in the expansion above were proved by Ma-
Zhang [19]. The leading terms of the first summand in (1.2) is studied by Sun
[21] and the second by Berndtsson [4] (in the different setup of trivial fibration
with variation of Ka¨hler metrics).
We shall then compare our expansion for the L2-curvature with the Quillen
curvature. So let Dy = ∂¯y + ∂¯
∗
y be the Dirac operator acting on A
0,∗(Xy, Lk +
KX/M ) of (0, ∗)-forms, where Xy is endowed with the restricted Hermitian met-
ric (
√−1∂∂¯φ)|Xy . For any 0 < b < c, denote by D(b,c)i the restriction of D on
the sum of eigenspaces of A0,i(Xy, Lk +KX/M ) for eigenvalues in (b, c), KX/M
being equipped a natural Hermitian metic
(detφ)−1 := (det(∂∂¯φ|Xy))−1.
Then the (Ray-Singer) analytic torsion is defined by
τk(∂¯) = τk(∂¯
(b,+∞))
=
(
(det(D
(b,+∞)
1 )
2)(det(D
(b,+∞)
2 )
2)−2(det(D(b,+∞)3 )
2)3 · · ·
)1/2
,
and is a positive smooth function on the base manifold M . Here b is a constant
less than all positive eigenvalues of D (see Definition 2.6).
The Quillen metric ‖ • ‖Q on the determinant line λ (see Definition 2.5) is
patched by the L2-metric | • |b on λb (see (2.13)) and the analytic torsion τk(∂¯),
i.e.
‖ • ‖Q = | • |bτk(∂¯),(1.4)
where b > 0 is a sufficiently small constant.
THE ASYMPTOTIC OF CURVATURE OF DIRECT IMAGE BUNDLE 3
In their papers [8, 9, 10], J.-M. Bismut, H. Gillet and C. Soule´ computed the
curvature of Quillen metric for a locally Ka¨hler family and obtained the differ-
ential form version of Grothendieck-Riemann-Roch Theorem. More precisely,
they proved that as holomorphic bundles,
λy ∼=
⊗
i≥0
detH i(Xy, Lk +KX/M )(−1)
i+1
and the curvature is
c1(λ, ‖ • ‖Q) = −
{∫
X/M
Td
(−RTX/M
2pii
)
Tr
[
exp
(
−RLk+KX/M
2pii
)]}(1,1)
.
(1.5)
Since L is a relative ample line bundle over X , by Kodaira vanishing theorem,
H i(Xy,KX/M + Lk) = 0
for all i ≥ 1. Therefore,
λ ∼= (detEk)−1.(1.6)
We expand also the Quillen curvature c1(λ, ‖ • ‖Q) and compare it with (1.3).
We prove
Theorem 1.2. Up to terms of order o(kn−1) the Quillen curvature −c1(λ, ‖ •
‖Q) has the same expansion (1.3) as for the L2-curvature.
As application we shall find the asymptotics of the variation of the analytic
torsion. From (3.56) we have
det ‖ • ‖2k = ((| • |b)2)∗(1.7)
for b > 0 a sufficiently small constant, where det ‖ • ‖k denotes the natural
induced L2-metric on line bundle detEk and ((| • |b)2)∗ denotes the dual metric
of (| • |b)2. Using (1.4) and (1.7) we have furthermore
√−1
2pi
∂∂¯ log(τk(∂¯))
2 = −c1(λ, ‖ • ‖Q)− c1(Ek, ‖ • ‖k).(1.8)
As an immediate consequence of Theorem 1.1 and Theorem 1.2 we have
Corollary 1.3. As k →∞, we have
∂∂¯ log(τk(∂¯))
2 = o(kn−1).(1.9)
Here the asymptotic (1.9) is understood as (∂∂¯ log(τk(∂¯))
2)(ζ, ζ¯) = o(kn−1)
for any vector ζ ∈ TM .
Remark 1.4. The asymptotic of analytic torsion has been studied by [7], [2].
It is proved in [7, Theorem 8] the coefficients of kn, kn log k are topological
invariants. After a preliminary version of this paper was finished, we were
informed by Xiaonan Ma of the paper [16, Theorem 1.1, 1.2] by Finski where
the coefficients of kn−1, kn−1 log k in the analytic torsion τk have also been
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computed, which implies then (1.9). However, our method here is completely
different from the methods in [7, 16].
Remark 1.5. For the case of M is the Teichmu¨ller space of compact Riemann
surfaces of genus g ≥ 2 and L is the relative canonical line bundle, Corollary
1.3 was proved in [15]; in this case the analytic torsion τk actually decays
exponentially in k.
We proceed to explain briefly our method for the expansion in Theorem 1.1.
By the formula (1.2), the first Chern form c1(E
k, ‖•‖k) is the trace of an integral
operator, and in the paper [19] X. Ma and W. Zhang found the expansion of
the diagonal of the kernel of the operators, proving a local index formula. To
find the third order term, i.e. the coefficient of kn−1, seems a difficult task and
requires much more effort. The trace of first summand in (1.2) is relatively
easy to handle, however the second summand involves Toeplitz operators with
symbols being differential operators. A major ingredient of our method is the
following expansion (see Lemma 3.1),
(∆′ + k)−1 =
1
2k
+
1
6k2
(k −∆′ −R∗) + 1
4k2
R∗ +
1
4k2
(∆′ + k)−1(k −∆′)R∗
+
1
18k3
(2k −∆′)(k −∆′ −R∗) + 1
36k4
(2k −∆′)2(k −∆′ −R∗)
+
1
36k4
(∆′ + k)−1(k −∆′)(2k −∆′)2(k −∆′ −R∗),
(1.10)
where R∗ = Rt¯j
il¯
i ∂
∂vj
dvi ∧ dv¯l ∧ i ∂
∂v¯t
, Rt¯j
il¯
= −∂i∂l¯φt¯j + φt¯sl¯ φ
k¯j
i φsk¯ is the Chern
curvature component of (T ∗X , (φ
ij¯)). The corresponding contribution of each
term above to the L2-curvature c1(E
k, ‖•‖k) will be effectively treated by using
further the asymptotic expansion of Bergman Kernel for bundles [22, Theorem
4.2].
This article is organized as follows. In Section 2, we fix notation and recall
some basic facts on Berndtsson’s curvature formula of L2-metric, the asymptotic
expansion of Bergman kernel for bundles, analytic torsion and Quillen metric.
In Section 3, we find the expansion of c1(E
k, ‖•‖k) and prove Theorem 1.1. We
also give the expansion of −c1(λ, ‖•‖Q) and prove Theorem 1.2. By comparing
with their expansions, we prove Corollary 1.3.
Acknowledgements. We would like to thank Professor Bo Berndtsson
for patiently answering us several questions and for inspiring discussions, and
Professor Xiaonan Ma for drawing our attention to the preprint [16]. We are
also grateful to Siarhei Finski who explained us carefully his results in a written
communication.
2. Preliminaries
We shall fix notation and recall some necessary background material.
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2.1. Berndtsson’s curvature formula of L2-metric. We refer [3, 4, 5] and
references therein.
Let pi : X →M be a holomorphic fibration with compact fibres and L a rel-
ative ample line bundle over X . We denote by (z; v) = (z1, · · · , zm; v1, · · · , vn)
a local admissible holomorphic coordinate system of X with pi(z; v) = z, where
m = dimCM , n = dimCX − dimCM .
For any smooth function φ on X , we denote
φα :=
∂φ
∂zα
, φβ¯ :=
∂φ
∂z¯β
, φi :=
∂φ
∂vi
, φj¯ :=
∂φ
∂v¯j
,
where 1 ≤ i, j ≤ n, 1 ≤ α, β ≤ m.
Let F+(L) be the space of smooth metrics φ on L with
(
√−1∂∂¯φ)|Xy > 0
for any point y ∈M . For any φ ∈ F+(L), set
δ
δzα
:=
∂
∂zα
− φαj¯φj¯k
∂
∂vk
.(2.1)
By a routine computation, one can show that { δδzα }1≤α≤m spans a well-defined
horizontal subbundle of TX .
Let {dzα; δvk} denote the dual frame of { δδzα ; ∂∂vi}. Then
δvk = dvk + φkl¯φl¯αdz
α.
Moreover, the differential operators
∂V =
∂
∂vi
⊗ δvi, ∂H = δ
δzα
⊗ dzα.(2.2)
are well-defined.
For any φ ∈ F+(L), the geodesic curvature c(φ) is defined by
c(φ) =
(
φαβ¯ − φαj¯φij¯φiβ¯
)√−1dzα ∧ dz¯β ,
which is a horizontal real (1, 1)-form on X . The following lemma confirms that
the geodesic curvature c(φ) of φ is indeed well-defined.
Lemma 2.1 ([14]). The following decomposition holds,
√−1∂∂¯φ = c(φ) +√−1φij¯δvi ∧ δv¯j .
Proof. This is a direct computation,
c(φ) +
√−1φij¯δvi ∧ δv¯j =
√−1(φαβ¯ − φαl¯φkl¯φkβ¯)dzα ∧ dz¯β
+
√−1φij¯(dvi + φil¯φl¯αdzα) ∧ (dv¯j + φj¯kφkβ¯dz¯β)
=
√−1(φαβ¯dzα ∧ dz¯β + φαj¯dzα ∧ dv¯j + φiβ¯dvi ∧ dz¯β + φij¯dvi ∧ dv¯j)
=
√−1∂∂¯φ.

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Following Berndtsson (cf. [3, 4, 5]) we consider the direct image bundle
E := pi∗(KX/M + L), and define the following L2-metric on the direct image
bundleE := pi∗(KX/M+L): for y ∈M , Xy = pi−1(y), and u ∈ Ey ≡ H0(Xy, (L+
KX/M )y),
‖u‖2 :=
∫
Xy
|u|2e−φ.(2.3)
Note that u can be written locally as u = u′dv∧e, where e is a local holomorphic
frame for L|X , and so locally
|u|2e−φ = (√−1)n2 |u′|2|e|2dv ∧ dv¯ = (√−1)n2 |u′|2e−φdv ∧ dv¯,
where dv = dv1 ∧ · · · ∧ dvn is the fiber volume.
By the definition of ∂¯V , we have
µα = ∂¯
V (
δ
δzα
) = − ∂
∂v¯l
(
φαj¯φ
j¯i
)
dv¯l ⊗ ∂
∂vi
,
which is in the Kodira-Spencer class ρ( ∂∂zα |y) ∈ H1(Xy, TXy).
The following theorem was proved by Berndtsson in [5, Theorem 1.2], its
proof also can be found in [14, Theorem 3.1].
Theorem 2.2 ([5]). For any y ∈ M the curvature 〈ΘE(u, u)〉, u ∈ Ey, of the
Chern connection on E with the L2 metric is given by
〈√−1ΘEu, u〉 =
∫
Xy
c(φ)|u|2e−φ + 〈(1 + ∆′)−1iµαu, iµβu〉
√−1dzα ∧ dz¯β .
(2.4)
Here ∆′ = ∇′∇′∗ +∇′∗∇ is the Laplacian on L|Xy -valued forms on Xy defined
by the (1, 0)-part of the Chern connection on L|Xy .
We replace now the Hermitian line bundle (L, e−φ) by (Lk, e−kφ), and con-
sider the corresponding direct image bundle Ek := pi∗(Lk + KX/M ). Let
∇′∗k (resp. ∇′∗) be the adjoint operator of ∇′ with respect to (Lk, e−kφ) and
(X, kω = k
√−1∂∂¯φ) (resp. (X,ω = √−1∂∂¯φ)). We have
∇′∗ = √−1[Λkω,∇′] = 1
k
√−1[Λω,∇′] = 1
k
∇′∗.(2.5)
It implies that
∆′k = ∇′∗k∇′ +∇′∇′∗k =
1
k
∆′.(2.6)
From Theorem 2.2 and (2.6), the curvature of L2-metric (see (2.3)) on Ek is
given by
〈√−1ΘEku, u〉 =
∫
Xy
c(kφ)|u|2e−kφ + 〈(1 + ∆′k)−1iµαu, iµβu〉kω
√−1dzα ∧ dz¯β
=
∫
Xy
kc(φ)|u|2e−kφ + k〈(k +∆′)−1iµαu, iµβu〉
√−1dzα ∧ dz¯β
(2.7)
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for any element u of Eky .
2.2. The Bergman kernels. Let (X,ω) be a compact Ka¨hler manifold of
n-dimension, (L, e−φ) be a Hermitian line bundle over X satisfying
√−1RL = √−1∂∂¯φ = ω.(2.8)
Let (E,H) be a Hermitian vector bundle overX. There is a natural L2-metric
on the space H0(X,Lk+E) of holomorphic forms of Lk+E, k ≥ 0. Let {uj}Nkj=1
be an orthonormal basis of H0(X,Lk+E), where dk = dimH
0(X,Lk+E). The
k-th Bergman kernel Bk(H) ∈ End(E) is defined by
Bk(H) =
dk∑
j=1
u∗j ⊗ uj.(2.9)
Recall the following Tian-Yau-Zelditch expansion of Bergman kernel for bun-
dles. We use the version in [11] and refer [1, 13, 17, 24, 22, 23, 25] for different
variations and proofs.
Theorem 2.3. For a fixed metric H, there is an asymptotic expansion as k →
∞,
Bk(H) =
1
(2pi)n
(A0k
n +A1k
n−1 + · · · ),
where Ai ∈ End(E) are determined by the geometry of ω and H. The expansion
is in the sense that for any integer l, R ≥ 0,
‖(2pi)nBk(H)−
∑
j<R
Ajk
n−j‖Cl ≤ Cl,R,Hkn−R,
where the norm is computed in the space C l(X,End(E)) of End(E)-valued sec-
tions and Cl,R,H depends on l, R, ω and H.
The first three coefficients A0, A1 and A2 have been computed in [22, Theo-
rem 4.2].
Theorem 2.4 ([22]). (0) A0 = Id,
(1) A1 =
√−1ΛFH + 12ρId,
(2) A2 =
1
3∆ρ+
1
24 (|R|2−4|Ric|2+3ρ2)+ 12(∆′′RicE+ρRicE+RicERicE−
RERE − 〈RE, Ric〉.
Here R, Ric and ρ represent the curvature tensor, the Ricci curvature and the
scalar curvature of ω, and ∆ = φj¯i ∂
2
∂vi∂v¯j
, RicE =
√−1ΛFH and FH represents
the curvature of (E,H), ∆′′ =
√−1Λ∂∂¯.
When E = KX is the canonical bundle there is a natural metric (det(φij¯))
−1
on KX induced from (L, e
−φ). In this case, RicE = −ρ, RE = −Ric, so
A0 = 1, A1 = −ρ
2
, A2 = −1
6
∆′′ρ+
1
24
(|R|2 − 4|Ric|2 + 3ρ2).(2.10)
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The Bergman kernel is
Bk(H) =
dk∑
j=1
u∗j ⊗ uj =
dk∑
j=1
|uj |2L2 .(2.11)
From (2.10), (2.11) and Theorem 2.3, the asymptotic expansion of Bergman
kernel for the bundle Lk +KX is
dk∑
j=1
|uj |2L2 =
1
(2pi)n
(
kn − ρ
2
kn−1 + (−1
6
∆′′ρ+
1
24
(|R|2 − 4|Ric|2 + 3ρ2))kn−2 + · · ·
)
.
(2.12)
2.3. Analytic torsion and Quillen metric. The definitions and results in
this subsection can be found in [6, 8, 9, 10, 18, 20].
Let pi : X → M be a proper holomorphic mapping between complex man-
ifolds X and M , (F, hF ) a holomorphic Hermitian vector bundle on X , ∇F
the corresponding Chern connection, and RF = (∇F )2 its curvature. For any
y ∈ M , let Xy = pi−1(y) be the fiber over y with Ka¨hler metric gXy depending
smoothly on y. The fibers are assumed to be compact.
For any 0 ≤ p ≤ n := dimCXy we put
Epy := A
0,p(Xy, F ), Ey =
⊕
p≥0
Epy .
The operator Dy = ∂¯y + ∂¯
∗
y acts on the fiber Ey.
For every y ∈ M , the spectrum of D2y is discrete. For b > 0, let Kb,py be the
sum of the eigenspaces of the operator D2y acting on E
p
y for eigenvalues < b.
Let U b be the open set:
U b = {y ∈M ; b 6∈ SpecD2y}.
On each open set U b, Kb,p is a smooth finite dimensional vector bundle. Set
Kb,+ =
⊕
p even
Kb,p, Kb,+ =
⊕
p odd
Kb,p, Kb = Kb,+ ⊕Kb,−.
Define the following line bundle λb on U b,
λb = (detKb,0)−1 ⊗ (detKb,1)⊗ (detKb,2)−1 ⊗ · · · .(2.13)
For 0 < b < c, if y ∈ U b ∩U c, let K(b,c),py be the sum of eigenspaces of D2y in Epy
for eigenvalues µ such that b < µ < c. Set
K(b,c),+y =
⊕
p even
K(b,c),p, K(b,c),−y =
⊕
p odd
K(b,c),p, K(b,c)y = K
(b,c),+
y ⊕K(b,c),−y .
Define λ(b,c) accordingly as before. Let ∂¯(b,c) and D(b,c) be the restriction of ∂¯
and D to K(b,c). D
(b,c)
± is the restriction of D to K
(b,c),±.
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Since the chain complex
0→ K(b,c),0 ∂¯(b,c)−−−→ K(b,c),1 ∂¯(b,c)−−−→ · · · ∂¯(b,c)−−−→ K(b,c),n → 0(2.14)
is acyclic, λ(b,c) has a canonical non-zero section T (∂¯(b,c)) which is smooth on
U b ∩ U c (see [8, Definition 1.1]). For 0 < b < c, over U b ∩ U c, we have the C∞
identifications
λc = λb ⊗ λ(b,c).
We identify λb and λc over U b ∩ U c by the C∞ map
s ∈ λb 7→ s⊗ T (∂¯(b,c)) ∈ λc.(2.15)
Definition 2.5. ([10, Def. 1.1]) The C∞ line bundle λ over M is {(U b, λb)}
with the transition functions (2.15) on U b ∩ U c.
The analytic torsion of the chain complex (2.14) was introduced by Ray and
Singer [20].
Definition 2.6. The analytic torsion τ(∂¯(b,c)) associated to the acyclic chain
complex (2.14) is defined as the positive real number
τ(∂¯(b,c)) =
(
(det(D
(b,c)
1 )
2)(det(D
(b,c)
2 )
2)−2(det(D(b,c)3 )
2)3 · · ·
)1/2
,
where D
(b,c)
p is the restriction of D to K(b,c),p, 1 ≤ p ≤ n. If b is a small
constant less than all positive eigenvalues of D2y, then we denote
τ(∂¯) := τ(∂¯(b,+∞)).
Since Kb and K(b,c) are orthogonal subspaces of Kc, by [8, Proposition 1.5],
we find that if s ∈ λb,
|s⊗ T (∂¯(b,c))|c = |s|bτ(∂¯(b,c)),
where | · |b is the induced metric by (Xy, gXy ) and (F, hF ).
Now let NV be the number operator on E such that NV η = pη for η ∈ Ep.
Set Qb = I − P b, where P b is the orthogonal projection operator from Ey on
Kby.
For y ∈ U b, Re(s) > l, set
θby(s) = −Trs[NV [D2]−sQb] =
−1
Γ(s)
∫ +∞
0
us−1Trs[NV exp(−uD2)Qb]du.
Similar if 0 < b < c < +∞, for y ∈ U b ∩ U c, set
θ(b,c)y (s) = −Trs[NV [D2]−sP (b,c)] =
−1
Γ(s)
∫ +∞
0
us−1Trs[NV exp(−uD2)P (b,c)]du.
The functions θby and θ
(b,c)
y extend into a meromorphic function which is
holomorphic at s = 0. Also on U b ∩ U c,
θb = θ(b,c) + θc.
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and by [10, Equation 1.32],
log(τ2(∂¯(b,c))) = −θ(b,c)′(0).
For y ∈ U b, denote
τy(∂¯
(b,+∞)) = exp
(
−1
2
θb
′
y (0)
)
.
Let ‖ • ‖b denote the metric on the line bundle (λb, U b),
‖ • ‖b = | • |bτy(∂¯(b,+∞)).(2.16)
Then the definition of Quillen metric ‖ • ‖Q and Chern form c1(λ, ‖ • ‖Q) of
the Quillen metric are given by the following theorem.
Theorem 2.7 ([8, 9, 10]). The metrics ‖ • ‖b on (λb, U b) patch into a smooth
Hermitian metric ‖ • ‖Q on the holomorphic line bundle λ. The Chern form of
Hermitian line bundle (λ, ‖ • ‖Q) is
c1(λ, ‖ • ‖Q) = −
{∫
X/M
Td
(−RTX/M
2pii
)
Tr
[
exp
(−RF
2pii
)]}(1,1)
.(2.17)
The Knudsen-Mumford determinant is defined by
λKM = (detRpi∗F )−1.
The fiber λKMy is by definition given by
λKMy =
⊗
i≥0
detH i(Xy, F )(−1)i+1 .
We assume that pi is locally Ka¨hler, i.e. there is an open covering U of M
such that if U ∈ U, pi−1(U) admits a Ka¨hler metric.
Theorem 2.8 ([8, 9, 10]). Assume that pi is locally Ka¨hler. Then the iden-
tification of the fibers λy ∼= λKMy defines a holomorphic isomorphism of line
bundles λ ∼= λKM . The Chern form of the Quillen metric on λ ∼= λKM is given
by (2.17).
3. The asymptotic of the curvature of direct image bundle
We shall give the expansion of c1(E
k, ‖•‖k) and −c1(λ, ‖•‖Q) up to o(kn−1).
Let pi : X → M be a holomorphic fibration with compact fibers and L a
relative ample line bundle over X as in the Section 2.1. Denote
ω =
√−1∂∂¯φ.(3.1)
THE ASYMPTOTIC OF CURVATURE OF DIRECT IMAGE BUNDLE 11
3.1. The asymptotic of the curvature of L2-metric. The curvature of
direct image bundle Ek = pi∗(Lk +KX/M ) is, by (2.7),
〈√−1ΘEku, u〉 =
∫
Xy
kc(φ)|u|2e−kφ + k〈(k +∆′)−1iµαu, iµβu〉
√−1dzα ∧ dz¯β
for any element u ∈ Eky . For any vector ζ = ζα ∂∂zα of TM ,
〈ΘEku, u〉(ζ, ζ¯) = −√−1
(∫
Xy
kc(φ)|u|2e−kφ
)
(ζ, ζ¯)
+ k〈(k +∆′)−1iµu, iµu〉,
(3.2)
where
µ = µij¯dv¯
j ⊗ ∂
∂vi
, µij¯ = −∂j¯(φαl¯φl¯i)ζα.(3.3)
The following technical expansion of (∆′ + k)−1 will be critical to find the
asymptotics of the L2-curvature; the main point of this expansion is that the
leading term of the contribution to the L2-curvature of each term below is
effectively found. (Composed with the operators iµ and i
∗
µ it gives an expansion
of the Toeplitz operator with symbol i∗µ(∆
′ + k)−1iµ on the cohomology space
H0(Xy, Lk +KXy).)
Lemma 3.1. The resolvent operator (∆′ + k)−1 has the following 7-term-
expansion,
(3.4) (∆′ + k)−1 = I + II + · · · + V I + V II,
where
I =
1
2k
, II =
1
6k2
(k−∆′−R∗), III = 1
4k2
R∗, IV =
1
4k2
(∆′+k)−1(k−∆′)R∗,
V =
1
18k3
(2k −∆′)(k −∆′ −R∗), V I = 1
36k4
(2k −∆′)2(k −∆′ −R∗),
V II =
1
36k4
(∆′ + k)−1(k −∆′)(2k −∆′)2(k −∆′ −R∗).
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Proof. The RHS of (3.4), by elementary computations, is
1
2k
+
1
6k2
(k −∆′ −R∗) + 1
4k2
R∗ +
1
4k2
(∆′ + k)−1(k −∆′)R∗
+
1
18k3
(2k −∆′)(k −∆′ −R∗) + 1
36k4
(2k −∆′)2(k −∆′ −R∗)
+
1
36k4
(∆′ + k)−1(k −∆′)(2k −∆′)2(k −∆′ −R∗)
=
1
2k
+
1
6k2
(k −∆′ −R∗) + 1
4k2
(
(∆′ + k)−1(k −∆′) + Id)R∗
+
1
18k3
(2k −∆′)(k −∆′ −R∗)
+
1
36k4
(
(∆′ + k)−1(k −∆′) + Id) (2k −∆′)2(k −∆′ −R∗)
=
1
2k
+
1
6k2
(k −∆′ −R∗) + 1
2k
(∆′ + k)−1R∗
+
1
18k3
(2k −∆′)(k −∆′ −R∗)
+
1
18k3
(∆′ + k)−1(2k −∆′)2(k −∆′ −R∗)
=
1
2k
+
1
6k2
(k −∆′ −R∗) + 1
2k
(∆′ + k)−1R∗
+
1
6k2
(∆′ + k)−1(2k −∆′)(k −∆′ −R∗)
=
1
2k
+
1
2k
(∆′ + k)−1(k −∆′ −R∗) + 1
2k
(∆′ + k)−1R∗
=
1
2k
+
1
2k
(∆′ + k)−1(k −∆′)
= (∆′ + k)−1,
which completes the proof. Here the second and last equalities follow from
(∆′ + k)−1(k −∆′) + Id = 2k(∆′ + k)−1.
while the third and fourth equalities follow from
(∆′ + k)−1(2k −∆′) + Id = 3k(∆′ + k)−1.

We shall treat each term in the expansion using the following lemmas. We
refer [12, Chapter VII] for the calculus on Ka¨hler manifolds.
Lemma 3.2. Let (X,ω) be a compact Ka¨hler manifold and (Lk, e−kφ) be a
Hermitian line bundle over X with
√−1∂∂¯φ = ω. For any α ∈ An−1,1(X,Lk)
it holds
(k −∇′∗∇′ −R∗)α = (dvt)∗∇′(∇ ∂
∂v¯t
α),
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where ∇′∗ is the adjoint operator of the (1, 0)-part ∇′ of Chern connection,
(dvt)∗ = φt¯si ∂
∂vs
, R∗ = Rt¯j
il¯
i ∂
∂vj
dvi ∧ dv¯l ∧ i ∂
∂v¯t
, Rt¯j
il¯
= −∂i∂l¯φt¯j + φt¯sl¯ φ
k¯j
i φsk¯ is
the Chern curvature component of (T ∗X , (φ
ij¯)), and ∇ ∂
∂v¯t
= ∂∂v¯t − Γltjdv¯j ∧ i ∂
∂v¯l
,
Γltj =
∂φtk¯
∂vj
φk¯l.
Proof. By [12, Chapter VII, Theorem (1.1)], ∇′∗ = √−1[Λ, ∂¯], where Λ is the
adjoint of multiplication operator ω ∧ • by the Ka¨hler form. Thus
∇′∗∇′α = √−1[Λ, ∂¯]∇′α
=
√−1Λ∂¯∇′α−√−1∂¯Λ∇′α.
(3.5)
We expand the second term and find
√−1∂¯Λ∇′α = ∂¯
(
φst¯i ∂
∂v¯t
i ∂
∂vs
∇′α
)
= (∂¯φst¯) ∧ i ∂
∂v¯t
i ∂
∂vs
∇′α+ φst¯i ∂
∂v¯t
i ∂
∂vs
∂¯∇′α+ φst¯ ∂
∂v¯t
i ∂
∂vs
∇′α
= (∂¯φst¯) ∧ i ∂
∂vs
∇′i ∂
∂v¯t
α+
√−1Λ∂¯∇′α+ φst¯i ∂
∂vs
∇′ ∂α
∂v¯t
− kα,
(3.6)
where the first equality holds since [∂¯, i ∂
∂v¯t
] = ∂∂v¯t and [∂¯, i ∂
∂vi
] = 0, the sec-
ond equality follows from [ ∂∂vt ,∇′] = −k∂φt¯ and [i ∂
∂v¯t
, i ∂
∂vs
] = [i ∂
∂v¯t
,∇′] = 0.
Combining (3.5) with (3.6) we obtain
(k −∇′∗∇)α = (∂¯φst¯) ∧ i ∂
∂vs
∇′i ∂
∂v¯t
α+ φst¯i ∂
∂vs
∇′ ∂α
∂v¯t
.(3.7)
Furthermore the action on α of the second term in the RHS of (3.7), by the
definition of ∇ ∂
∂v¯t
, is the operator
φst¯i ∂
∂vs
∇′ ∂
∂v¯t
= φst¯i ∂
∂vs
∇′∇ ∂
∂v¯t
+ φst¯i ∂
∂vs
∇′(Γktldv¯l ∧ i ∂
∂v¯k
)
= (dvt)∗∇′∇ ∂
∂v¯t
+ φst¯(∂iΓktl)i ∂
∂vs
dvi ∧ dv¯l ∧ i ∂
∂v¯k
+ φst¯Γktldv¯
l ∧ i ∂
∂vs
∇′i ∂
∂v¯k
= (dvt)∗∇′∇ ∂
∂v¯t
+R∗ − (∂¯φst¯) ∧ i ∂
∂vs
∇′i ∂
∂v¯t
.
(3.8)
Substituting (3.8) into (3.7) we have
(k −∇′∗∇′ −R∗)α = (dvt)∗∇′(∇ ∂
∂v¯t
α).

Lemma 3.3. The following identity holds,
〈(k −∆′)iµu, iµu〉 =
∫
Xy
(|µ|2R∗ − |∇µ|2)|u|2e−kφ,
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where we have introduced |µ|2R∗ := µlt¯Rt¯jil¯ µij¯, which need not to be nonnegative,
|∇µ|2 = ∇l¯µit¯∇k¯µsq¯φis¯φt¯qφl¯k, ∇l¯µit¯ = ∂l¯µit¯ − Γstlµis¯.
Proof. By a direct computation, we find
iµu = (−∂l¯(φij¯φαj¯)ζα)dv¯l ∧ i ∂
∂vi
(u′dv ⊗ ek)
= ∂l¯(φ
ij¯φαj¯)ζ
αu′dv¯l ∧ (−1)idv1 ∧ · · · d̂vi · · · ∧ dvn ⊗ ek
= ∇′∗(φαj¯ζαu′dv¯j ∧ dv ⊗ ek)
= ∇′∗(φαj¯ζαdv¯j ∧ u).
It follows that
∆′iµu = (∇′∗∇′ +∇′∇′∗)iµu = ∇′∗∇′iµu.(3.9)
Thus, using Lemma 3.2 and (3.9), we obtain
〈(k −∆′)iµu, iµu〉 = 〈(k −∇′∗∇)iµu, iµu〉
= 〈(dvt)∗∇′(∇ ∂
∂v¯t
iµu) +R
∗iµu, iµu〉
= 〈R∗iµu, iµu〉+ 〈∇ ∂
∂v¯t
iµu,∇′∗(dvt ∧ iµu)〉.
(3.10)
In terms of local coordinates the first term is
〈R∗iµu, iµu〉 = 〈Rt¯jil¯ i ∂
∂vj
dvi ∧ dv¯l ∧ i ∂
∂v¯t
µsq¯dv¯
q ∧ i ∂
∂vs
u, iµu〉
= 〈Rt¯j
il¯
µit¯dv¯
l ∧ i ∂
∂vj
u, µsk¯dv¯
k ∧ i ∂
∂vs
u〉
=
∫
Xy
(Rt¯j
il¯
µit¯µ
s
k¯
φl¯kφjs¯)|u|2e−kφ
=
∫
Xy
(Rt¯j
il¯
µit¯µ
l
j¯
)|u|2e−kφ =
∫
Xy
|µ|2R∗ |u|2e−kφ
(3.11)
where the fourth equality follows from the definition of µ (3.3) and
µs
k¯
φl¯kφjs¯ = −ζα∂k(φα¯iφis¯)φl¯kφjs¯
= −ζα(φα¯ikφis¯ + φα¯iφis¯k )φl¯kφjs¯
= −ζαφα¯ikφis¯φl¯kφjs¯ + ζαφα¯iφis¯φkjs¯φl¯k
= −ζαφα¯jkφl¯k − ζαφα¯iφis¯j φks¯φl¯k
= −ζαφα¯jiφl¯i − ζαφα¯iφil¯j
= −ζα∂j(φα¯iφl¯i) = µlj¯.
(3.12)
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The second term in the RHS of (3.10) is
〈∇ ∂
∂v¯t
iµu,∇′∗(dvt ∧ iµu)〉
= 〈(∇t¯µij¯)dv¯j ∧ i ∂
∂vi
u,−∂¯(φsl¯µtl¯)i ∂∂vs u〉
= −〈(∂¯(φsl¯µtl¯)i ∂∂vs )
∗(∇t¯µij¯)dv¯j ∧ i ∂
∂vi
u, u〉
= −〈φis¯∂k(φs¯lµtl¯)φj¯k(∇t¯µij¯)u, u〉
=
∫
Xy
−∇kµti¯φj¯k∇t¯µij¯|u|2e−kφ
=
∫
Xy
−∇kµti¯φj¯k∇j¯µit¯|u|2e−kφ
=
∫
Xy
−∇kµti¯φj¯k∇j¯µsq¯φq¯iφst¯|u|2e−kφ =
∫
Xy
−|∇µ|2|u|2e−kφ,
(3.13)
where in the second equality, (•)∗ denotes the adjoint operator of •, the fifth
equality follows from
∇t¯µij¯ = ∇t¯(∂j¯(φαl¯φl¯i)ζα) = ∂t¯∂j¯(φαl¯φl¯i)ζα − Γstjµis¯ = ∇j¯µit¯.
The sixth equality holds by (3.12) and ∇j¯(φst¯) = ∇j¯(φq¯i) = 0. Substituting
(3.11) and (3.13) into (3.10) we have
〈(k −∆′)iµu, iµu〉 =
∫
Xy
(|µ|2R∗ − |∇µ|2)|u|2e−kφ.

In the subsequent text we shall write O(kj) for any term that is of the order
kj and is independent of u.
Lemma 3.4. We have the following expansion
〈(k −∆′)2iµu, iµu〉 =
∫
Xy
(k|∇µ|2 +O(1))|u|2e−kφ.
Proof. Writing k −∆′ = (k −∆′ −R∗) +R∗ and using Lemma 3.2 we have
〈(k −∆′)2iµu, iµu〉 = ‖(k −∆′)iµu‖2
= ‖φst¯i ∂
∂vs
∇′(∇ ∂
∂v¯t
iµu) +R
∗α‖2
= ‖φst¯i ∂
∂vs
∇′(∇ ∂
∂v¯t
iµu)‖2 + ‖R∗iµu‖2 + 2Re〈φst¯i ∂
∂vs
∇′(∇ ∂
∂v¯t
iµu), R
∗iµu〉
= 〈∇′(∇ ∂
∂v¯j
iµu), dv
j ∧ φst¯i ∂
∂vs
∇′(∇ ∂
∂v¯t
iµu)〉+ ‖R∗iµu‖2
+ 2Re〈∇′(∇ ∂
∂v¯t
iµu), dv
t ∧R∗iµu〉
= 〈∇ ∂
∂v¯j
iµu,∇′∗(φjt¯∇′(∇ ∂
∂v¯t
iµu))〉+ ‖R∗iµu‖2 + 2Re〈∇ ∂
∂v¯t
iµu,∇′∗(dvt ∧R∗iµu)〉.
(3.14)
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For the first term in the RHS of (3.14), we have
〈∇ ∂
∂v¯j
iµu,∇′∗(φjt¯∇′(∇ ∂
∂v¯t
iµu))〉
= 〈∇ ∂
∂v¯j
iµu, (φ
jt¯∇′∗ − φsl¯φjt¯
l¯
i ∂
∂vs
)∇′(∇ ∂
∂v¯t
iµu)〉
= −〈∇′∗(φj¯tl dvl ∧ ∇ ∂
∂v¯j
iµu),∇ ∂
∂v¯t
iµu〉+ 〈∇ ∂
∂v¯j
iµu, φ
jt¯∇′∗∇′(∇ ∂
∂v¯t
iµu)〉.
(3.15)
For the second term in RHS of (3.15), using Lemma 3.2, we obtain
〈∇ ∂
∂v¯j
iµu, φ
jt¯∇′∗∇′(∇ ∂
∂v¯t
iµu)〉
= 〈∇ ∂
∂v¯j
iµu, φ
jt¯(k − φsl¯i ∂
∂vs
∇′∇ ∂
∂v¯l
−R∗)(∇ ∂
∂v¯t
iµu)〉
=
∫
Xy
kφj¯tφl¯sφki¯∇j¯µkl¯∇tµis¯|u|2e−φ − 〈∇′∗(dvl ∧ ∇ ∂
∂v¯j
iµu),∇ ∂
∂v¯j
∇ ∂
∂v¯t
iµu〉
− 〈∇ ∂
∂v¯j
iµu, φ
jt¯R∗(∇ ∂
∂v¯t
iµu)〉.
(3.16)
We substitute (3.15) and (3.16) into (3.14),
〈(k −∆′)2iµu, iµu〉 = ‖R∗iµu‖2 + 2Re〈∇ ∂
∂v¯t
iµu,∇′∗(dvt ∧R∗iµu)〉
− 〈∇′∗(φj¯tl dvl ∧∇ ∂
∂v¯j
iµu),∇ ∂
∂v¯t
iµu〉 − 〈∇′∗(dvl ∧ ∇ ∂
∂v¯j
iµu),∇ ∂
∂v¯j
∇ ∂
∂v¯t
iµu〉
− 〈∇ ∂
∂v¯j
iµu, φ
jt¯R∗(∇ ∂
∂v¯t
iµu)〉+
∫
Xy
kφj¯tφl¯sφki¯∇j¯µkl¯∇tµis¯|u|2e−kφ
=
∫
Xy
(k|∇µ|2 +O(1))|u|2e−kφ.
This completes the proof. 
Lemma 3.5. The quadratic form 〈(k−∆′)3iµu, iµu〉 has the following expansion
〈(k −∆′)3iµu, iµu〉 =
∫
Xy
(−k2|∇u|2 +O(k))|u|2e−kφ.
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Proof. Denote ∇t¯ = ∇ ∂
∂v¯t
. We have, using Lemma 3.2, that
〈(k −∆′)3iµu, iµu〉
= 〈((dvt)∗∇′∇t¯ +R∗)((dvl)∗∇′∇l¯ +R∗)((dvs)∗∇′∇s¯ +R∗)iµu, iµu〉
= O(k) + 〈(dvt)∗∇′∇t¯(dvl)∗∇′∇l¯(dvs)∗∇′∇s¯iµu, iµu〉
= O(k) + 〈(dvt)∗∇′(dvl)∗∇t¯∇′(dvs)∗∇l¯∇′∇s¯iµu, iµu〉
= O(k) + k2〈(dvt)∗∇′(dvl)∗∂φt¯ ∧ (dvs)∗∂φl¯ ∧ ∇s¯iµu, iµu〉
= O(k) + k2〈∂φt¯ ∧ (dvs)∗∂φl¯ ∧ ∇s¯iµu, dvl ∧ ∇′∗(dvt ∧ iµu)〉
= O(k) + k2〈−φil¯(∇t¯µij¯)dv¯ju, ∂¯(φlm¯µtm¯)u〉
=
∫
Xy
(−k2|∇µ|2 +O(k))|u|2e−kφ,
(3.17)
where the second equality holds because all the terms in
〈((dvt)∗∇′∇t¯ +R∗)((dvl)∗∇′∇l¯ +R∗)((dvs)∗∇′∇s¯ +R∗)iµu, iµu〉
containing the factor R∗ are treated similarly as 〈(k−∆′)2iµu, iµu〉, which are in
O(k), the third equality holds since [∇t¯, (dvl)∗] = ∂t¯(φl¯i)i ∂
∂vi
, and so its adjoint
operator is in O(1), the fourth equality follows from [∇t¯,∇′] = k∂φt¯. 
Lemma 3.6. The following expansion holds
〈(k −∆′)4iµu, iµu〉 =
∫
Xy
(k3|∇µ|2 +O(k2))|u|2e−kφ.
Proof. Similar to the proof in Lemma 3.5 for estimating reminder terms we
have
〈(k −∆′)4iµu, iµu〉
= 〈((dvq)∗∇′∇q¯ +R∗)((dvt)∗∇′∇t¯ +R∗)((dvl)∗∇′∇l¯ +R∗)((dvs)∗∇′∇s¯ +R∗)iµu, iµu〉
= O(k2) + 〈(dvq)∗∇′∇q¯(dvt)∗∇′∇t¯(dvl)∗∇′∇l¯(dvs)∗∇′∇s¯iµu, iµu〉
= O(k2) + 〈(dvq)∗∇′(dvt)∗∇q¯∇′(dvl)∗∇t¯∇′(dvs)∗∇l¯∇′∇s¯iµu, iµu〉
= O(k2)− k3〈(dvq)∗∇′(dvt)∗∂φq¯ ∧ (dvl)∗∂φt¯ ∧ (dvs)∗∂φl¯ ∧∇s¯iµu, iµu〉
= O(k2)− k3〈∂φl¯ ∧ ∇s¯iµu, dvs ∧∇′∗(dvl ∧ iµu)〉
= O(k2) + k3〈φil¯(∇s¯µij¯)dv¯ju, ∂¯(φsm¯µlm¯)u〉
=
∫
Xy
(k3|∇µ|2 +O(k2))|u|2e−kφ.
(3.18)

We prove now Theorem 1.1.
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Proof. The curvature formula in (2.7) contains two quadratic forms in u. We
treat first the second one defined by the resolvent (∆′ + k)−1. We have, by the
expansion (3.4)
〈(∆′ + k)−1iµu, iµu〉 = I(u) + II(u) + · · ·+ V II(u)
I(u) = 〈Iiµu, iµu〉, II(u) = 〈IIiµu, iµu〉, · · · , V II(u) = 〈V IIiµu, iµu〉.
We shall treat each term using the lemmas above. First we have
I(u) = 〈 1
2k
iµu, iµu〉 = 1
2k
∫
Xy
(µij¯µ
s
t¯
φis¯φ
j¯t)|u|2e−φ = 1
2k
∫
Xy
|µ|2|u|2e−kφ,
(3.19)
where |µ|2 = µi
j¯
µst¯φis¯φ
j¯t.
By Lemma 3.3 and (3.11), the second term is
II(u) = − 1
6k2
∫
Xy
|∇µ|2|u|2e−kφ.(3.20)
Likewise, by (3.11)
III(u) =
1
4k2
∫
Xy
|µ|2R∗ |u|2e−kφ.(3.21)
The fourth term is
IV (u) ≤ 1
4k2
‖R∗iµu‖ · ‖(∆′ + k)−1(k −∆′)iµu‖
≤ 1
4k3
‖R∗iµu‖ · 〈(k −∆′)2iµu, iµu〉
1
2
=
1
4k3
(O(1)‖µ‖) · (O(k 12 )‖u‖)
= O
(
1
k
5
2
)
‖u‖2,
(3.22)
where the third equality follows from Lemma 3.4.
By Lemma 3.2, Lemma 3.3 and Lemma 3.4, the fifith term
V (u) =
1
18k2
〈(k −∆′ −R∗)iµu, iµu〉+ 1
18k3
(〈(k −∆′)2iµu, iµu〉
− 〈(k −∆′)R∗iµu, iµu〉)
= − 1
18k2
∫
Xy
|∇µ|2|u|2e−kφ + 1
18k3
∫
Xy
(k|∇µ|2 +O(1))|u|2e−kφ
− 1
18k3
(〈(R∗)2iµu, iµu〉+ 〈∇ ∂
∂v¯t
R∗iµu,∇′∗(dvt ∧ iµu)〉)
= O
(
1
k3
)
‖u‖2.
(3.23)
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By (3.20), (3.23), Lemma 3.5 and Lemma 3.4, the sixth term becomes
V I(u) = 〈 1
36k4
(k2 + 2k(k −∆) + (k −∆′)2)(k −∆′ −R∗)iµu, iµu〉
=
1
36k2
〈(k −∆′ −R∗)iµu, iµu〉+ 1
18k3
〈(k −∆′)(k −∆′ −R∗)iµu, iµu〉
+
1
36k4
〈(k −∆′)3iµu, iµu〉 − 1
36k4
〈(k −∆′)2R∗iµu, iµu〉
= − 1
36k2
〈(k −∆′ −R∗)iµu, iµu〉+ 1
18k3
〈(2k −∆′)(k −∆′ −R∗)iµu, iµu〉
+
1
36k4
〈(k −∆′)3iµu, iµu〉 − 1
36k4
〈(k −∆′)2R∗iµu, iµu〉
= O
(
1
k3
)
‖u‖2.
(3.24)
Here we have used Lemmas 3.3 and 3.5 to conclude
− 1
36k2
〈(k −∆′ −R∗)iµu, iµu〉+ 1
36k4
〈(k −∆′)3iµu, iµu〉
= − 1
36k2
∫
Xy
(−|∇µ|2)|u|2e−kφ + 1
36k4
∫
Xy
(−k2|∇u|2 +O(k))|u|2e−kφ
=
1
36k4
∫
Xy
O(k)|u|2e−kφ = O
(
1
k3
)
‖u‖2.
Finally the last term is
V II(u) =
1
36k4
〈(∆′ + k)−1(k −∆′)(2k −∆′)iµu, (k −∆′)(2k −∆′)iµu〉
− 1
36k4
〈(2k −∆′)2R∗iµu, (∆′ + k)−1(k −∆′)iµu〉.
(3.25)
Note that
〈 1
36k4
(∆′ + k)−1(k −∆′)(2k −∆′)iµu, (k −∆′)(2k −∆′)iµu〉
≤ 1
36k5
〈(k −∆′)(2k −∆′)iµu, (k −∆′)(2k −∆′)iµu〉
=
1
36k5
〈(k −∆′)4iµu, iµu〉+ 1
18k4
〈(k −∆′)3iµu, iµu〉
+
1
36k3
〈(k −∆′)2iµu, iµu〉 = O
(
1
k3
)
‖u‖2,
(3.26)
where the last equality follows from Lemma 3.4, Lemma 3.5 and Lemma 3.6.
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We estimate the second term in the RHS of (3.26) as
| − 1
36k4
〈(2k −∆′)2R∗iµu, (∆′ + k)−1(k −∆′)iµu〉|
≤ 1
36k4
‖(2k −∆′)2R∗iµu‖ · ‖(∆′ + k)−1(k −∆′)iµu‖
≤ 1
36k5
‖(2k −∆′)2R∗iµu‖ · 〈(k −∆′)2iµu, iµu〉1/2
=
1
36k5
(O(k2)‖u‖) · (O(k 12 )‖u‖)
= O
(
1
k
5
2
)
‖u‖2;
(3.27)
indeed the third equality follows from Lemma 3.4 and the following equality
‖(2k −∆′)2R∗iµu‖ = |〈(2k −∆′)4R∗iµu,R∗iµu〉|1/2
= |〈(k4 + 4k3(k −∆′) + 6k2(k −∆′)2 + 4k(k −∆′)3 + (k −∆′)4) iµ˜u, iµ˜u〉|1/2
= O(k2)‖u‖,
(3.28)
where µ˜ = Rt¯j
il¯
µit¯dv¯
l⊗ ∂
∂vj
being the contraction of µ agains the curvature tensor
R.
Substituting (3.26) and (3.27) into (3.25) results in
〈 1
36k4
(∆′ + k)−1(k −∆′)(2k −∆′)2(k −∆′ −R∗)iµu, iµu〉 = O
(
1
k
5
2
)
‖u‖2.
(3.29)
Putting the quantities (3.19), (3.20), (3.21), (3.22), (3.23), (3.24), (3.29) into
(3.4), we obtain
〈(∆′ + k)−1iµu, iµu〉
=
∫
Xy
(
1
2k
|µ|2 +
(
−1
6
|∇µ|2 + 1
4
|µ|2R∗
)
1
k2
+ o(k−2)
)
|u|2e−kφ.(3.30)
Finally substituting (3.30) into (3.2) we get
〈ΘEku, u〉(ζ, ζ¯) = −√−1
(∫
Xy
kc(φ)|u|2e−kφ
)
(ζ, ζ¯)
+
∫
Xy
(
1
2
|µ|2 +
(
−1
6
|∇µ|2 + 1
4
|µ|2R∗
)
1
k
+ o(k−1)
)
|u|2e−kφ.
(3.31)
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Denote dk = dimH
0(Xy, Lk+KX/M ), and let {uj}dkj=1 be an orthogonal basis
of H0(Xy, Lk +KX/M ). From (2.12) and (3.56), we have
dk∑
j=1
|uj|2e−kφ =
dk∑
j=1
|uj|2L2
ωn
n!
=
(
kn − ρ
2
kn−1 +
(
−1
6
∆ρ+
1
24
(|R|2 − 4|Ric|2 + 3ρ2)
)
kn−2 + o(kn−2)
)
c(L, φ)n
n!
,
(3.32)
where c(L, φ) = 12piω is the Chern form of the Hermitian line bundle (L, e
−φ).
We take the trace to both sides of (3.31) and use the Bergman kernel expan-
sion (3.32),
−√−1c1(Ek, ‖ • ‖k)(ζ, ζ¯) = 1
2pi
trΘEk(ζ, ζ¯)
=
1
2pi
∫
Xy
(
−√−1kc(φ)(ζ, ζ¯) + 1
2
|µ|2 +
(
−1
6
|∇µ|2 + 1
4
|µ|2R∗
)
1
k
+ o(k−1)
)
·
(
kn − ρ
2
kn−1 +
(
−1
6
∆ρ+
1
24
(|R|2 − 4|Ric|2 + 3ρ2)
)
kn−2 + o(kn−2)
)
c(L, φ)n
n!
=
kn+1
(2pi)n+1
∫
Xy
(−√−1)c(φ)(ζ, ζ¯)ω
n
n!
+
kn
(2pi)n+1
∫
Xy
(
1
2
|µ|2 − ρ
2
(−√−1)c(φ)(ζ, ζ¯)
)
ωn
n!
+
kn−1
(2pi)n+1
∫
Xy
(
(−√−1)c(φ)(ζ, ζ¯)
(
−1
6
∆ρ+
1
24
(|R|2 − 4|Ric|2 + 3ρ2)
)
− ρ
4
|µ|2
)
ωn
n!
+
kn−1
(2pi)n+1
(
−1
6
‖∇µ‖2 + 1
4
‖µ‖2R∗
)
+ o(kn−1),
(3.33)
where we have denoted ‖∇µ‖2 = ∫Xy |∇µ|2 ωnn! , ‖µ‖2R∗ = ∫Xy |µ|2R∗ ωnn! . We
rewrite the integrals ‖µ‖2R∗ and ‖∇µ‖2 (of the anti-holomorphic connection
∇µ) in terms of ∂∗µ and the holomorphic connection ∇′µ. By Akizuki-Nakano
identity [12, Chapter VII, Corollary (1.3)], we have
‖∂¯∗µ‖2 = 〈∆′′µ, µ〉
= 〈∆′µ, µ〉+ 〈[√−1R,Λ]µ, µ〉
= ‖∇′µ‖2 − 〈√−1ΛRµ, µ〉
= ‖∇′µ‖2 − 〈(φs¯tµij¯Rkist¯dv¯j − φst¯µit¯Rkisj¯dv¯j)⊗
∂
∂vk
, µ〉
= ‖∇′µ‖2 − 〈(µij¯Ril¯φl¯kdv¯j − φst¯µit¯Rkisj¯dv¯j)⊗
∂
∂vk
, µ〉
= ‖∇′µ‖2 −
∫
Xy
(µij¯µ
s
t¯Ril¯φ
l¯kφj¯tφks¯)
ωn
n!
+
∫
Xy
φst¯Rkisj¯µ
i
t¯µ
p
q¯φ
j¯qφkp¯
ωn
n!
= ‖∇′µ‖2 − ‖µ‖2Ric − ‖µ‖2R∗ ,
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where we have denoted ‖µ‖2Ric :=
∫
Xy(µ
i
j¯
µs
t¯
Ril¯φ
l¯kφj¯tφks¯)
ωn
n! , which again needs
not to be nonnegative. Therefore,
‖µ‖2R∗ = ‖∇′µ‖2 − ‖µ‖2Ric − ‖∂¯∗µ‖2.(3.34)
By its definition we find also
‖∇µ‖2 =
∫
Xy
∇l¯µij¯φl¯k∇kµji¯
ωn
n!
= −
∫
Xy
∇k∇l¯µij¯φl¯kµji¯
ωn
n!
=
∫
Xy
(∇l¯∇k −∇k∇l¯)µij¯φl¯kµji¯
ωn
n!
−
∫
Xy
∇l¯∇kµij¯φl¯kµji¯
ωn
n!
=
∫
Xy
(∂l¯Γ
i
ksµ
s
j¯ + ∂kΓ
s
ljµ
i
s¯)φ
l¯kµj
i¯
ωn
n!
+
∫
Xy
∇kµij¯φl¯k∇lµji¯
ωn
n!
= −2‖µ‖2Ric + ‖∇′µ‖2.
(3.35)
Substituting (3.34) and (3.35) into (3.33) we obtain finally
−√−1c1(Ek, ‖ • ‖k)(ζ, ζ¯) = k
n+1
(2pi)n+1
×
∫
Xy
(−√−1)c(φ)(ζ, ζ¯)ω
n
n!
+
kn
(2pi)n+1
∫
Xy
(
1
2
|µ|2 − ρ
2
(−√−1)c(φ)(ζ, ζ¯)
)
ωn
n!
+
kn−1
(2pi)n+1
∫
Xy
(
(−√−1)c(φ)(ζ, ζ¯)
(
−1
6
∆ρ+
1
24
(|R|2 − 4|Ric|2 + 3ρ2)
)
− ρ
4
|µ|2
)
ωn
n!
+
kn−1
(2pi)n+1
(
1
12
‖µ‖2Ric +
1
12
‖∇′µ‖2 − 1
4
‖∂¯∗µ‖2
)
+ o(kn−1).
(3.36)
This completes the proof of Theorem 1.1. 
Remark 3.7. It is a general fact [19] that the L2-curvature c1(E
k) above has
an expansion in the integer powers of k, so that the lower order term o(kn−1)
in our statement can be written as O(kn−2). Indeed observe that the fractional
order O(kn−1−
1
2 )-terms in the proof of Theorem 1.1 are all due to the estimate
‖(∆′ + k)−1(k − ∆′)iµu‖ ≤ Ck− 12‖u‖. However we can use again Lemma 3.1
and prove that the traces of the quadratic forms involving (∆′ + k)−1(k −∆′)
are actually of integer order instead of fractional order, e.g. the trace of the
quadratic form IV (u) in the estimate (3.22) has an expansion of order k−3+n.
It might be interesting to find a recursive formula for the coefficients of the
expansion c1(E
k) following our proof and using the Bergman kernel expansion.
3.2. The asymptotic of the curvature of Quillen metric. We compute
now the asymptotic of the curvature of Qullien metric and prove Theorem 1.2.
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By Theorem 2.7 and Theorem 2.8, we have
− c1(λ, ‖ • ‖Q) =
{∫
X/M
td(X/M, (√−1∂∂¯φ)y))e
1
2pi
(kω+
√−1RKX/M )
}(1,1)
=
{∫
X/M
(1 +
1
2
c1(TX/M , φ) +
1
12
(c1(TX/M , φ)
2 + c2(TX/M , φ)) + · · · )
·
∞∑
i=0
(2pi)−i(kω +
√−1RKX/M )i
i!
}(1,1)
=
kn+1
(2pi)n+1
∫
X/M
ωn+1
(n+ 1)!
+
kn
(2pi)n+1
∫
X/M
1
2
(
√−1RKX/M ) ∧ ω
n
n!
+
kn−1
(2pi)n+1
∫
X/M
1
12
(
√−1RKX/M )2 ∧ ω
n−1
(n− 1)!
+
kn−1
(2pi)n−1
∫
X/M
1
12
c2(TX/M , φ) ∧
ωn−1
(n− 1)! +O(k
n−2),
(3.37)
where td is the Todd character forms, which has an expansion,
td(F, h) = 1 +
1
2
c1(F, h) +
1
12
(c1(F, h)
2 + c2(F, h)) +
1
24
c1(F, h)c2(F, h) + · · ·
for any Hermitian vector bundle (F, h), the second equality follows from c1(TX/M , φ) =
−
√−1
2pi ∂∂¯ log detφ = −
√−1
2pi R
KX/M .
Now we consider the last term in the RHS of (3.37),∫
X/M
c2(TX/M , φ) ∧
ωn−1
12(n − 1)!
=
∫
X/M
1
2
(
c1(KX/M , φ)
2 −
(√−1
2pi
)2
tr(R ∧R)
)
∧ ω
n−1
12(n − 1)!
=
(
1
2pi
)2 ∫
X/M
1
24
(
√−1RKX/M )2 ∧ ω
n−1
(n− 1)!
−
(
1
2pi
)2 ∫
X/M
1
24
(
√−1)2tr(R ∧R) ∧ ω
n−1
(n− 1)! ,
(3.38)
where the curvature operator R is defined by
R = Rijδv
j ⊗ i ∂
∂vi
=
(
Rijαβ¯dz
α ∧ dz¯β +Rijαβ¯dzα ∧ δv¯l +Rijkβ¯δvk ∧ dz¯β +Rijkl¯δvk ∧ δv¯l
)
δvj ⊗ i ∂
∂vi
.
(3.39)
Here the second and third curvature term is
Rijαl¯ = ∇′j(µα)il¯, Rjikβ¯ = ∇′t(µβ)sk¯φt¯jφs¯i.(3.40)
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In fact, one can prove them in terms of normal coordinates, i.e. φij¯ = δij ,
φij¯k = 0 at a fix point, so
Rj
ikβ¯
= i δ
δz¯β
i ∂
∂vk
∂¯(∂φil¯φ
l¯j)
= −(∂β¯ − φβ¯tφts¯∂s¯)(φil¯kφl¯j)
= −φij¯kβ¯ + φβ¯tφij¯kt¯
= ∇′j(−φαk¯l¯φk¯i + φαk¯φki¯l¯)
= ∇j(−∂l¯(φαk¯φk¯i)) = ∇′j(µα)il¯,
while second identity in (3.40) holds similarly.
We compute the second term in the RHS of (3.38),
(
√−1)2
∫
X/M
tr(R ∧R) ω
n−1
(n − 1)!
=
∫
X/M
(2Rijαβ¯R
j
ikl¯
φkl¯ − 2Rijαl¯Rjikβ¯φkl¯)
ωn
n!
√−1dzα ∧ dz¯β
+
∫
X/M
Rijkl¯R
j
ist¯
c(φ)(
√−1δvk ∧ δv¯l) ∧ (√−1δvs ∧ δv¯t) ∧ ω
n−1
(n − 2)!
= 2
∫
X/M
Rijαβ¯R
j
ikl¯
φkl¯
ωn
n!
√−1dzα ∧ dz¯β − 2〈∇′µα,∇′µβ〉
√−1dzα ∧ dz¯β
+
∫
X/M
(|Ric|2 − |R|2)c(φ)ω
n
n!
,
(3.41)
where the second equality follows from the fact
n(n− 1)α ∧ β ∧ ωn−2 = (Λα · Λβ − 〈α, β〉)ωn(3.42)
for two real (1, 1)-forms α and β.
Lemma 3.8. The following identities hold∫
X/M
(
√−1RKX/M ) ∧ ω
n
n!
= −
∫
X/M
ρc(φ)
ωn
n!
+ 〈µα, µβ〉
√−1dzα ∧ dz¯β(3.43)
and
∫
X/M
(∆ρ)c(φ)
ωn
n!
=
(
−
∫
X/M
(Rijαβ¯R
j
ikl¯
φkl¯)
ωn
n!
− 〈µα, µβ〉Ric
)
√−1dzα ∧ dz¯β ,
(3.44)
where 〈µα, µβ〉Ric :=
∫
X/M ((µα)
i
j¯
(µβ)
s
t¯Ril¯φ
l¯kφj¯tφks¯)
ωn
n! , which satisfies
〈µα, µβ〉Ricζαζβ = ‖µ‖2Ric.(3.45)
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Proof. For any fixed point p ∈ Xy, y ∈ M , we take normal coordinates near p
such that φij¯(p) = δij , φij¯k(p) = 0. Recall that (µα)
k
l¯
= −∂l¯(φαt¯φt¯k) and denote
c(φ)αβ¯ = φαβ¯ − φαl¯φkβ¯φkl¯. Evaluating at p we see that
∂k∂l¯c(φ)αβ¯ = ∂k∂l¯(φαβ¯ − φαj¯φj¯iφiβ¯)
= φkl¯αβ¯ − φαj¯kl¯φjβ¯ − φαj¯φiβ¯kl¯ + φαj¯φkl¯ji¯φiβ¯
− φαj¯kφjβ¯l¯ − φαj¯l¯φjβ¯k
= (−∂¯(∂φkt¯φt¯s)φsl¯)(
δ
δzα
,
δ
δz¯β
)− (µα)jl¯ (µβ)sj¯φks¯
= −Rskαβ¯φsl¯ − (µα)jl¯ (µβ)sj¯φks¯,
(3.46)
where the last equality follows from (3.39). Consequentely using (3.12) we get
∆c(φ)αβ¯ = φ
l¯k∂k∂l¯c(φ)αβ¯
= −Rkkαβ¯ − (µα)jl¯ (µβ)lj¯
= (∂∂¯ log detφ)(
δ
δzα
,
δ
δz¯β
)− (µα)ij¯(µβ)ts¯φj¯sφit¯,
(3.47)
We perform the integration using Stoke’s theorem on (3.43),
∫
X/M
(
√−1RKX/M ) ∧ ω
n
n!
=
∫
X/M
∂∂¯ log detφ(
δ
δzα
,
δ
δz¯β
)
ωn
n!
√−1dzα ∧ dz¯β
+
∫
X/M
∂∂¯ log detφ(
δ
∂vi
,
∂
∂v¯j
)
√−1δvi ∧ δv¯j ∧ c(φ) ω
n−1
(n − 1)!
=
∫
X/M
(
(µα)
i
j¯(µβ)
t
s¯φ
j¯sφit¯
√−1dzα ∧ dz¯β − ρc(φ)
) ωn
n!
= −
∫
X/M
ρc(φ)
ωn
n!
+ 〈µα, µβ〉
√−1dzα ∧ dz¯β ,
which proves (3.43).
On the other hand we have also by (3.46) that
(φl¯sRst¯φ
t¯k)∂k∂l¯c(φ)αβ¯ = φ
l¯iRit¯φ
t¯k(−Rskαβ¯φsl¯ − (µα)jl¯ (µβ)sj¯φks¯)
= −Rit¯φt¯kRikαβ¯ − φl¯iRit¯(µα)il¯(µβ)tj¯
= −Rijαβ¯Rjikl¯φkl¯ − (µα)ij¯(µβ)st¯Ril¯φl¯kφj¯tφks¯.
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By using Stoke’s theorem again and noticing ∇kφij¯ = 0, we have∫
X/M
(∆ρ)c(φ)
ωn
n!
=
∫
X/M
φl¯s∂s∂l¯(Rkt¯φ
t¯k)c(φ)
ωn
n!
=
∫
X/M
φl¯s(∇l¯∇sRkt¯)φt¯kc(φ)
ωn
n!
=
∫
X/M
φl¯s(∇l¯∇kRst¯)φt¯kc(φ)
ωn
n!
=
∫
X/M
φl¯sRst¯φ
t¯k∇l¯∇kc(φ)
ωn
n!
=
∫
X/M
φl¯sRst¯φ
t¯k∂k∂l¯c(φ)αβ¯
ωn
n!
√−1dzα ∧ dz¯β
=
∫
X/M
(−Rijαβ¯Rjikl¯φkl¯ − (µα)ij¯(µβ)st¯Ril¯φl¯kφj¯tφks¯)
ωn
n!
√−1dzα ∧ dz¯β
=
(
−
∫
X/M
(Rijαβ¯R
j
ikl¯
φkl¯)
ωn
n!
− 〈µα, µβ〉Ric
)
√−1dzα ∧ dz¯β ,
which proves (3.44). 
The first term in the RHS of (3.37) is, by (3.1) and Lemma 2.1,∫
X/M
ωn+1
(n+ 1)!
=
∫
X/M
(c(φ) +
√−1φij¯δvi ∧ δvj)n+1
(n+ 1)!
=
∫
X/M
(n+ 1)c(φ)(
√−1φij¯δvi ∧ δvj)n
(n+ 1)!
=
∫
X/M
c(φ)
ωn
n!
.
(3.48)
We evaluate the Quillen curvature (3.37) at the vector ζ = ζα ∂∂zα ∈ TyM . It
is, by (3.38), (3.41), (3.43), (3.44), (3.45) and (3.48),
(
√−1c1(λ, ‖ • ‖))(ζ, ζ¯)
=
kn+1
(2pi)n+1
∫
Xy
(−√−1)c(φ)(ζ, ζ¯)ω
n
n!
+
kn
(2pi)n+1
∫
Xy
(
1
2
|µ|2 − ρ
2
(−√−1)c(φ)(ζ, ζ¯)
)
ωn
n!
+ (−√−1) k
n−1
(2pi)n+1
∫
Xy
1
8
(
√−1RKX/M )2 ∧ ω
n−1
(n − 1)! (ζ, ζ¯)
− k
n−1
(2pi)n+1
1
24
∫
Xy
(
(−√−1)c(φ)(ζ, ζ¯)(−2∆ρ+ |Ric|2 − |R|2)) ωn
n!
+
kn−1
(2pi)n+1
1
12
(‖∇′µ‖2 + ‖µ‖2Ric) +O(kn−2).
(3.49)
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Note that
RKX/M = ∂∂¯ log detφ
= (∂∂¯ log detφ)(
δ
δzα
,
δ
δz¯β
)dzα ∧ dz¯β + (∂∂¯ log detφ)( δ
δzα
,
∂
∂v¯j
)dzα ∧ δv¯j
+ (∂∂¯ log detφ)(
∂
∂vi
,
δ
δz¯β
)δvi ∧ dz¯β + (∂∂¯ log detφ)( ∂
∂vi
,
∂
∂v¯j
)δvi ∧ δv¯j
(3.50)
and
∂¯∗µα = (∂∂¯ log detφ)(
δ
δzα
,
∂
∂v¯j
)φj¯i
∂
∂vi
.(3.51)
In fact, one can prove (3.51) in terms of normal coordinates, at a fixed point,
one has
∂¯∗µα = −
√−1[Λ,∇′]((µα)ij¯dv¯j ⊗
∂
∂vi
)
= −φsj¯(∂s(µα)ij¯ + µkj¯Γiks)
∂
∂vi
= ∂j∂j¯(φαl¯φ
l¯i)
∂
∂vi
=
(
φαi¯jj¯ − φαl¯φjj¯l¯i
) ∂
∂vi
= (∂∂¯ log detφ)(
δ
δzα
,
∂
∂v¯j
)φj¯i
∂
∂vi
.
By (3.50), (3.51), (3.42) and (3.47), the integral in the third term in the RHS
of (3.49) can be computed as
∫
X/M
(
√−1RKX/M )2 ∧ ω
n−1
(n− 1)!
= 2
∫
X/M
(∂∂¯ log detφ)(
δ
δzα
,
δ
δz¯β
)(∂∂¯ log detφ)(
∂
∂vi
,
∂
∂v¯j
)
√−1δvi ∧ δv¯j ω
n−1
(n− 1)!
√−1dzα ∧ dz¯β
− 2
∫
X/M
(∂∂¯ log detφ)(
δ
δzα
,
∂
∂v¯j
)(∂∂¯ log detφ)(
∂
∂vi
,
δ
δz¯β
)
√−1δvi ∧ δv¯j ω
n−1
(n− 1)!
√−1dzα ∧ dz¯β
+
∫
X/M
(∂∂¯ log detφ)(
∂
∂vi
,
∂
∂v¯j
)(∂∂¯ log detφ)(
∂
∂vk
,
∂
∂v¯l
)
√−1δvi ∧ δv¯j ∧ √−1δvk ∧ δv¯lc(φ) ω
n−2
(n − 2)!
= −2
∫
X/M
ρ(∆c(φ)αβ¯ + (µα)
i
j¯(µβ)
t
s¯φ
j¯sφit¯)
ωn
n!
√−1dzα ∧ dz¯β
− 2〈∂¯∗µα, ∂¯∗µβ〉
√−1dzα ∧ dz¯β +
∫
X/M
(ρ2 − |Ric|2)c(φ)ω
n
n!
.
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Evaluted at the vector ζ = ζα ∂∂zα ∈ TyM it is, by Stoke’s theorem,
(−√−1)
∫
X/M
(
√−1RKX/M )2 ∧ ω
n−1
(n− 1)! (ζ, ζ¯)
=
∫
Xy
(
(−√−1)c(φ)(ζ, ζ¯)(−2∆ρ+ ρ2 − |Ric|2)− 2ρ|µ|2) ωn
n!
− 2‖∂¯∗µ‖2.
(3.52)
Substituting (3.52) into (3.49) we have proved
Proposition 3.9. The curvature of the Quillen metric has the following ex-
pansion in k,
(
√−1c1(λ, ‖ • ‖))(ζ, ζ¯)
=
kn+1
(2pi)n+1
∫
Xy
(−√−1)c(φ)(ζ, ζ¯)ω
n
n!
+
kn
(2pi)n+1
∫
Xy
(
1
2
|µ|2 − ρ
2
(−√−1)c(φ)(ζ, ζ¯)
)
ωn
n!
+
kn−1
(2pi)n+1
∫
Xy
(
(−√−1)c(φ)(ζ, ζ¯)
(
−1
6
∆ρ+
1
24
(|R|2 − 4|Ric|2 + 3ρ2)
)
− ρ
4
|µ|2
)
ωn
n!
+
kn−1
(2pi)n+1
(
1
12
‖µ‖2Ric +
1
12
‖∇′µ‖2 − 1
4
‖∂¯∗µ‖2
)
+O(kn−2).
(3.53)
From above Proposition, we proved Theorem 1.2.
3.3. An application. In this subsection, we will prove Corollary 1.3.
For any positive integer k write temporarily
F = Lk +KX/M ,
where KX/M is the relative canonical line bundle endowed with the following
metric,
(detφ)−1 := (det(φij¯))
−1.(3.54)
As in subsection 2.3, the operator Dy = ∂¯y + ∂¯
∗
y acts on ⊕p≥0A0,p(Xy, F ).
Take a small constant b > 0 that is smaller than the all positive eigenvalues of
Dy. Then
Kb,py
∼= Hp(Xy, F ) = Hp(Xy,KXy + Lk).
By Kodaira vanishing theorem,
Kb,0y
∼= H0(Xy, Lk +KXy) ∼= pi∗(Lk +KX/M )y Kb,py = 0, for p ≥ 1.
So
λb = (det pi∗(Lk +KXy))
−1.(3.55)
By (2.3) and (3.54), we have
|u|2e−kφ = (√−1)2|u′|2e−kφdv ∧ dv¯ = |u′|2e−kφ(detφ)−1ω
n
n!
= |u|2L2
ωn
n!
,
(3.56)
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that is, the L2-metric ‖•‖k on pi∗(Lk+KX/M ) given by (2.3) coincides with the
standard L2-metric on pi∗(Lk + KX/M ) induced by (Xy, ω|y), (KXy , (detφ)−1)
and (L, e−φ). Therefore, the L2-metric (| • |b)2 is dual to the determinant of the
metric ‖ • ‖2. By (2.16), we have
(‖ • ‖b)2 = (| • |b)2(τk(∂¯(b,+∞)))2 = (det ‖ • ‖2k)∗(τk(∂¯))2,(3.57)
for b > 0 small enough, where τk(∂¯) = τk(∂¯
(b,+∞)) is the analytic torsion
associated with (X , ω = √−1∂∂¯φ)) and (Lk, e−kφ). Therefore,
√−1
2pi
∂∂¯ log(τk(∂¯))
2 = −c1(λ, ‖ • ‖Q)− c1(Ek, ‖ • ‖k).(3.58)
Proof of Corollary 1.3. Substituting (3.36) and (3.53) into (3.58), we obtain
1
2pi
∂∂¯ log(τk(∂¯))
2(ζ, ζ¯) = (−√−1)(−c1(λ, ‖ • ‖Q)− c1(Ek, ‖ • ‖k))(ζ, ζ¯)
= o
(
kn−1
)
.
Therefore,
∂∂¯ log τk(∂¯) = o(k
n−1).

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